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In computing the critical load for a linear nonconservative system, one needs to construct the load-frequency
curve from the characteristic equation that contains asymmetric matrices, based on the finite element formulation.
Traditionally, this requires repeated solution of complex eigenvalues from the characteristic equation at many load
levels, which is extremely time consuming in practice. Small damping of the Rayleigh type is assumed. A bieigen-
value curve is adopted to approximate the load-frequency curve for the first few modes of interest. Such a curve can
be uniquely determined, once the derivatives of the frequency with respect to the load parameter have been calcu-
lated for a preset load level. After the bieigenvalue curve is established, the critical load can be computed by setting
its first derivative equal to zero. The effectiveness of the present method is demonstrated in the numerical study.

Introduction

T HE instability of nonconservative structures has been a subject
of intensive research for many decades. In the literature, both

linear1"6 and nonlinear7'8 systems have been studied. The objective
of this paper is to formulate an efficient method for computing the
critical loads of lightly damped linear nonconservative systems. To
this end, the finite element formulation will be adopted for its versa-
tility in modeling structures of various complexities. No attempt will
be made to deal with the instabilities of nonlinear nonconservative
systems.

With the finite element method, the nonconservative nature of
applied loads is considered through an asymmetric load matrix. To
compute the critical load for the nonconservative system, first, one
has to construct the load-frequency curve from the characteristic
equation. Traditional approaches aimed at establishing such a curve
require repeated solution of complex eigenvalues from the charac-
teristic equation, which is extremely time consuming in practice,
as the original system has to be augmented into one with twice the
number of degrees of freedom (DOFs). To improve the efficiency of
solution, a bisection method based on the eigenvalue sensitivity has
been proposed in Ref. 9. Unfortunately, this method can only deal
with problems of the flutter type, for which two different frequen-
cies become coincident, but not problems of the divergence type,
for which one frequency reduces to zero.

In this paper, the damping of the structure is assumed to be small
and of the Rayleigh type. By the method of perturbation and by ne-
glecting terms of orders higher than two, the characteristic equation
for the structure can be transformed into one identical in form to
that for the undamped nonconservative structures. The critical load
for the latter can then be computed through use of an approximate
load-frequency curve for relating the first few modes that are of in-
terest. Such a curve, referred to as the bieigenvalue curve,10 can be
uniquely determined once the first and second derivatives of the fre-
quency with respect to the load parameter are calculated for a preset
load level. With the present approach, it can be demonstrated that
even for the case with no iteration, i.e., based on the eigensolutions
obtained from free vibration analysis, critical loads of rather good
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accuracy can still be obtained and that for all of the problems consid-
ered, only three iterations are required to achieve convergent results.
Because the complex characteristic equations need only be solved
for a limited number of load levels, the efficiency of the present
method is guaranteed. This study can be regarded as an extension
of previous work on undamped nonconservative systems.10

Asymmetric Load Matrix
Two typical configurations will be identified for a structure. One

is the prebuckling configuration Ci and the other is the buckled
configuration C2. As shown in Fig. 1, the space frame element con-
sisting of 12 DOFs has been expressed in the stationary coordinates
of Ci. To describe the path-dependent nature of a follower force
acting at the element nodes, another set of coordinates afiy fixed
on the cross section of each node has to be introduced (Fig. 2).

Consider, for instance, a follower force of magnitude (Fa, Fp, FY)
acting at node A of the element (Fig. 2), which can be expressed in
the Ci coordinates as

{1F}T = {[FX
 [Fy

 1FZ] (1)

Let {u} denote the displacement of node A from C\ to C2,

[u}T = {{d}T {9}T} (2)

It consists of three translations and three rotations,

[d}T = [u v w] (3a)

{6}T = {Ox 9y 9Z] (3b)

For the case of small rotations, the transformation matrix [T] that
relates the axes afiy at the C\ configuration to the C2 configuration
is

1

1
(4)

Hence, the follower force (Fa, Fp, Fy) at the buckled configuration
C2 can be expressed in the C\ coordinates as

{2F} = {AF} - [[F] + [kf]{6] (5)
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Fig. 1 Space frame element.
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a) Ci configuration

Fig. 2 Follower forces.

where the last term represents the forces induced by the follower
force undergoing rotations. The load matrix [&/] is

[*/] =

0 ]F7 -1

0
(6)

which appears to be skew symmetric.
By defining the virtual works done by the follower force, respec-

tively, at Ci and C2 for node A of the element as

1SW = {8d}T[lF} (7a)
2SW - {8d}T{2F} = {8d}T{lF} + {8d}T[kf]{0} (7b)

the virtual work done by the induced forces in the buckling stage
can be computed:

- {8d}T[kf]{6} = {8u}T[k,]{u} (8)

where the displacement vector {u} has been defined in Eq. (2) foi
node A of the element (Fig. 1) and the load matrix [£/] can be
augmented from [kf] as

[0] (9)

Though the foregoing derivation has been made only for node A,
it can be extended in a straightforward manner to node B of the
element.

Linearized Theory of Stability
With the load matrix [&/] just derived and the elastic stiffness

matrix [ke], geometric stiffness matrix [kg], and mass matrix [ra]
available elsewhere,11"13 the equation of motion can be written foi
each element. Using the element equations, the equation of motion
for the structure can be assembled in incremental form as

(10)

where all terms have been expressed in the Ci coordinates, the up-
percase letters denote quantities associated with the structure, {[P}
and {2P} are the applied loads acting on the structure at C\ and
C2, respectively, and [U] are the buckling displacements generated
during the step from C\ to C2. In particular, the load matrix [K{]
contains terms only for those nodes where the follower loads are ap-
plied. The geometric stiffness matrix [Ks] should be assembled with
the rotational properties of joint moments taken into account.12'13

Based on the assumption of Rayleigh damping, the matrix [C] can
be calculated as

(11)

where a\ and a2 denote the internal and external damping coeffi-
cients, respectively.

When in buckling, the applied loads acting_on the structure remain
constant, i.e., {2P} = [1P] = {P} = A{P}, where {P} denotes
a reference load vector and X the associated load parameter. Foi
the case of small prebuckling deformations, both the [M] and [Ke]
matrices can be regarded as constant and the [Kg] and [Kf] matrices
as proportional to the applied loads. Accordingly, Eq. (10) reduces
to

([Ke] = {0} (12)

where [Kg] a denote the matrices evaluated for the structure
under the action of the reference loads {P} prior to buckling.

Based on the assumption of small damping, the matrix [C] given
in Eq. (11) can be rewritten as

(13)

where ft denotes the ratio of the external to internal damping, i.e.,
the external damping ratio. By letting CD denote the frequency oi
vibration of the structure under the action of constant loads, the dis-
placements of the structure can be denoted as {U} = {U}eia)t. Sub-
stituting this expression for [U] and Eq. (13) for [C] into Eq. (12)
yields

(-co2[M] + i€0)([Ke] [Ke]

= {0}

where A and a? are the eigenpair and [U] the associated eigenvector.

Let a2 and
Statement of the Problem

[vk] denote the kth eigenvalue and eigenvector of a
/-dimensional subset of the N-DOF structure that has zero damping
and is free of any applied loads, i.e.,

(-a2[M] + [Ke])[vk] = {0} (15)

where k = 1, 2 , . . . , / and / < N. Moreover, let [V] denote
the modal matrix comprising only the first / eigenvectors, i.e.:
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[V] = [ { v \ } , . . . , {vj}]. The following properties of orthogonality
are known to be valid:

[V]T(M][V] = [I]

[V]T[Kt][V] = [A] =

0

(16)

(17)

With these properties, Eq. (14) can be converted to the following:

(-oft/] + ieo,k(ft(I] + [A]) + [A] + X[A]){&} = (0) (18)

-<4m + ict(ft[I] + [A]) + [A] + X[A]) = {0}r (19)

where [fa] and {ijfk} are the right and left eigenvectors of the fcth
mode of the damped structure and

By letting [*] = [
can be shown that

and [*] =

(20)

, . . . , {«.,}], it

(21)

Before Eq. (18) or (19) can be solved, they have to be transformed
into a system containing twice the number of DOFs of the original
system. For instance, Eq. (18) can be transformed as follows:

[0]
[0]

[A]
+ X[A] [0]

cok{<t>k}
~

(22)

It is hot always easy to solve this equation even using modern com-
mercial codes.

The stability of a structure under the action of load [P] can be
observed from the property of the frequency of vibration co solved
from the characteristic equation, as given in Eq. (14) or (22). For
instance, by letting CD = a + ib, one can write

[U] = [0}ei (23)

When the imaginary part of co, i.e., the variable b, is negative, the
displacements {U} of the structure become unbounded. In this case,
the structure is regarded as unstable within the framework of linear
analysis.

Two types of instability can be identified from the characteristic
equation of a nonconservative system.10 One is the so-called diver-
gence or static instability, which is characterized by the occurrence
of a negative co2 when the load parameter A exceeds the critical load
Acr (see Fig. 3a). For this special case, the critical load Acr can be de-
termined from the characteristic equation by setting co2 = 0 through
a single call to any eigenvalue solver that is capable of dealing with
asymmetric systems.

The other is the so-called flutter or dynamic instability, which is
typified by the occurrence of complex co2 when the load parameter
X exceeds the critical value Acr (see Fig. 3b). For the special case
of A, = A.cr, two eigenroots co2 become coincident. To compute the
critical value Acr, one conventional approach is to divide the load { P ]
into a number of increments, as shown in Fig. 4a, and then compute
the eigenvalues co2 for each load level. By connecting all of the
solved points (A, co2) in the load-frequency plot, the critical value
Xcr can, thus, be determined. Obviously, if solutions of sufficient
accuracy are desired, much smaller load increments should be used
as the critical load A.cr is approached (see Fig. 4a). One drawback
with such an approach is that it requires repeated calls to the complex
eigenvalue solver, which is cost prohibitive.

a) Divergence

b) Flutter

Fig. 3 Types of instability.

a) Conventional

a c
b) Present

Fig. 4 Methods of solution.

GO*
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Method of Perturbation
In this section, the method of perturbation will be adopted to solve

the critical loads Acr from the characteristic equation. Let

(24a)

€(Q)k)i • = 2^ €"(**)„
71=0

(24b)

Substituting Eq. (24) into Eq. (18), expanding with respect to €, and
collecting all of the terms associated with e(\ one obtains

[A] }o = {0} (25)

A comparison of Eq. (25) with Eq. (18) indicates that the terms
(cDk)o and (4>k }o in Eq. (25) represent the k\h frequency and vibration
vector (right eigenvector) of the structure with zero damping, i.e.,
with 6 — 0. Similarly, one may show that the following relations
are satisfied by the left eigenvector {^}o*

: {O}7 (26)

(27)(Wo (

where 8 is the Kronecker delta. From Eqs. (25-27), the following
can be derived:

* =0

where

(28)

(29a)

(29b)

To prove the relation a* = d(a>*)g/dA, in Eq. (29b), let us differen-
tiate Eq. (25) by A:

where

[Bk] = -(^)2[/] + [A]

0

(30)

(31)

(32)

By multiplying Eq. (30) by {^}Q and using Eq. (26), the relation
a* = d(&>yJo/dA can be proved. Thus, the term a*k should be inter-
preted as the first derivative of the frequency 0% with respect to the
load parameter A for the structure with zero damping.

Similarly, by collecting all of the terms associated with e1 in the
series expansion, the following can be obtained:

— (2(cok)o • (Q>k)iU] — 1(^)0 (/?I7] + [A])){0*}o (33)

Multiplying both sides of Eq. (33) by (VoJo and using Eqs. (26) and
(27), one can derive the following:

By neglecting all of the terms of orders higher than e2, the expression
for cDk in Eq. (24b) can be approximated as

Based on the fact that internal damping tends to reduce the critical
load of a nonconservative system,1"3 one may conceive that the same
system with zero damping should remain in the stable condition, for
which the frequency (cDk)o is a real number. By substituting Eq. (34)

a) Original

b) Transformed

Fig. 5 Bieigenvalue curve of a damped system.

into Eq. (35), the imaginary part of the frequency cDk for the damped
system can be obtained as

lm(cDk) ^ (e/2)(p +3%) (36)

This equation can be used to judge the stability of a damped sys-
tem. If the term Im(cUjt) is less than zero, the system is considered
unstable, as can be seen from Eq. (23).

Substituting sf from Eq. (28) into Eq. (36), along with Eq. (29b)
z£, yields

lm(a)k) = 7 (37)

From the characteristic curve shown in Fig. 5a for a lightly damped
structure, one observes that if the eigenpairs (A, CD) are located in
segment ab, then

f + ?, - A.— (a)k)2
Q>Q

QA
(38)

In Fig. 5a, point b refers to the point of the tangent connected from
point o to the characteristic curve, and point o is determined by the
external damping ratio /?. As can be seen from Eq. (37), for a lightly
damped structure with its eigenpairs (A, CD) falling in the range ab, it
remains in the stable state. On the other hand, for a structure with its
eigenpairs located in the range be, it is in a state of instability. Obvi-
ously, point b serves as the critical point for identifying the dynamic
instability of a lightly damped structure. At this point, it is known that

d
'dA~

(39)

which is exactly the condition for detecting the dynamic instability
of a lightly damped nonconservative structure.

From the series expansion of Eq. (18), it can be observed that the
terms associated with e2 is a real number. By Eqs. (24b), (36), and
(23), it can be seen that the influence of damping on the dynamic
instability is determined by terms up to the order of e2. Thus, for
nonconservative structures with small damping, the critical load can
be accurately predicted using Eq. (39).
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Transformation of the Characteristic Curve
In Ref. 10, a procedure has been proposed for computing the

critical load of an undamped nonconservative system. In this section,
it will be demonstrated how the characteristic curve for a lightly
damped structure can be transformed into one identical in form to
that for the undamped structure. Let us start by rearranging Eq. (14):

;M (40)

where {U} denotes the eigenvector after transformation and

[A] = [K8] - [Kt] (41a)

Neglecting the higher-order term containing 6, Eq. (40) reduces to

1—[K]-[M] + ̂ - (42)

The characteristic curve for the preceding equation is plotted in
Fig. 5b. As can be seen, the slope at point b is zero:

= 0

from which the critical condition can be derived as

(43)

(44)

This equation coincides with Eq. (39) for the original system.
Here, one observes that the characteristic curve abed for the

damped structure in Fig. 5a has been transformed into the curve
dcba in Fig. 5b. A comparison of Eq. (44) with Eq. (39) indicates
that point b in both Figs. 5a and 5b serves as the critical point.
Because the system in Fig. 5b is identical in form to that for the un-
damped structure,10 it will become unstable at point b where double
roots occur. This same property should be carried over to point b
of Fig. 5a for the lightly damped structure, where double roots are
expected to occur as well.

Because the characteristic curve for the lightly damped system
has been transformed into one identical to that for the undamped
system, the critical load can be solved from the transformed system
using the procedure described in Ref. 10 for undamped systems.
One key feature of this procedure has been the adoption of a fourth-
order hyperbolic curve, referred to as the bieigenvalue curve, for
approximating the load-frequency relation of the system consid-
ered. Such a curve can be uniquely determined once the first and
second derivatives of the frequency with respect to the load param-
eter are calculated, based on the eigensolutions obtained for the first
few modes. After the bieigenvalue curve is established, the critical
load can be calculated by setting its first derivative equal to zero.
Theoretically, the accuracy of the critical load can be iteratively
improved through adjustment of the bieigenvalue curve to make it
more fitting, based on the eigensolutions obtained for higher load
levels. In practice, it can be demonstrated that even for the case with
no iteration (i.e., based on the free vibration results), solution of
rather good accuracy can still be obtained.

Numerical Examples
The damping matrix in Eq. (13) can be nondimensionalized:

[C] - (45)

where &>0 is the fundamental frequency of the structure with zero
damping in free vibration, f the (gross) damping ratio, and ft the
external damping ratio. All of the examples to be studied have been
solved in Ref. 10 assuming zero damping. In this study, each member
is modeled by 10 beam elements.

Beam Subjected to Transverse Follower Load
As shown in Fig. 6, a beam subjected to a transverse follower

load P at end B is restrained against translations along three axes

Fig. 6 Beam subjected to transverse follower load.

With iteration
No iteration

External damping ratio 0=0.0

o.oo 0.08

Fig. 7 Bieigenvalue curves for beam with transverse follower load.

D
o

External damping ratio 0=0.0

0.00 0.03 0.06 0.09
Damping ratio

Fig. 8 Critical load vs damping ratio (,.

and rotation about the x axis at end A and against rotations about
the y and z axes at end B. This beam can be conceived as half of a
simple beam subjected to a load at the midpoint. The following data
are assumed: length L = 270 cm, Young's modulus E = 2lx 105

kg/cm2, shear modulus G = 7.8 x 105 kg/cm2, depth b = 15.36 cm,
width t = 0.75 cm, area A = 18 cm2, moment of inertia Iy = 0.54
cm4, torsional constant J = 2.16 cm4, radius of gyration squared
r2 = 19.71 cm2, and specific weight y =1.5 x 10~3 kg/cm3.

For the case of small internal damping (ft = 0, f -» 0), the
bieigenvalue curve established with no iteration, i.e., based merely
on the free vibration results, and that based on iterative solutions of
the complex eigenvalue problem at increasing load levels have been
plotted in Fig. 7. As can be seen, the bieigenvalue curve established
from the free vibration results is generally acceptable and on the
conservative side.

For the case where only the effect of internal damping is con-
cerned, i.e., with & — 0, the critical load for dynamic instability has
been plotted against the damping ratio £ in Fig. 8. It can be seen
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Fig. 9 Beam with small internal damping.

/

Fig. 10 Cantilever with nonconserva-
tive axial load.

7777- Z ,

that as the damping ratio £ increases from 0 to 0.15, there is only
a 3.5% increase on the critical load, implying that the critical load
can be rather accurately predicted using a small damping ratio f .
The critical load obtained from Fig. 8 for the case of small internal
damping is 63.23 kg, which, when compared with the critical load
of 110.5 kg for the undamped case, shows a drop of 40%. The dis-
continuity of the critical load at f = 0 can be attributed primarily
to the linearization involved in the perturbation procedure.

Based on the assumption of small damping, the critical load and
frequency solved have been plotted against the external damping
ratio f> in Figs. 9a and 9b, respectively. It can be observed that the
eigenvalues obtained with no iteration, i.e., based merely on the free
vibration results, show an error not greater than 3.5% compared with
those by iteration.

Cantilever with Nonconservative Axial Load
Figure 10 shows a cantilever subjected, to an axial load P at

the free end, of which aP indicates the nonconservative (follower)

•g«H
O

20.051

100 200 300 400 500

Frequency (El/ml4)

100 200 300 ' 400 *~ 500

Frequency (El/ml4)
b) a = 0.5

Fig. 11 Bieigenvalue curves for axially loaded cantilever.

15

-a
a
o

Exact
No iteration

External damping ratio jS=1.0

0.5 0.6 0,7 0.8
Loading ratio a

Fig. 12 Critical loads for axially loaded cantilever with C —» 0 and
j3 = 1.0.

part. For the case of small internal damping, i.e., with f -> 0 and
/? = 0, the bieigenvalue curves established have been plotted in
Figs. 1 la and lib for a — 1.0 and 0.5, respectively. The critical loads
obtained from Fig. 11 show a drop of 40% due to the existence of
internal damping, compared with that for the undamped case.10 For
cantilevers with small damping (f -^ 0) and ft = 1.0, the critical
loads obtained from the bieigenvalue curves, either with or without
iteration, have been plotted against the loading ratio a in Fig. 12.
For a = 1.0, the effect of internal and external damping on the
critical load can be evaluated from Figs. 13a and 13b, respectively.
As can be seen, a much larger increase on the critical load can be
achieved through increase of the external damping, rather than the
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117

Loading ratio a = 1.0

External damping ratio 0=0.0

a)
0.03 0.06 0.09 0.12

Damping ratio f

-a
oo

Exact
No iteration

Loading ratio C(=1.0

b)
2 4 6 8
External damping ratio /S

Fig. 13 Critical loads vs damping ratio and external damping ratio.

Si

Fig. 14 Cantilever subjected to transverse follower load.

internal damping. For all of the cases where analytical solutions are
available, it is observed that very good agreement has been made
between the present results and the analytical ones.14 Because all of
the solutions obtained by the present approach with no iteration have
been based merely on the eigensolution for the free vibration case,
which does not rely on complex eigenvalue solvers, the superiority
of the present approach to the other numerical approaches can be
assured.

Cantilever Subject to Transverse Follower Load
The cantilever shown in Fig. 14 is subjected to a transverse fol-

lower load P at the free end. The same material and cross-sectional
properties as those for the first example are adopted. For the case
of small internal damping (f -» 0, /? = 0), the bieigenvalue curve
established based on the eigensolution of the free vibration case has
been compared with the one iteratively obtained in Fig. 15. It can
be seen that even based merely on the free vibration results, the
bieigenvalue established shows a rather high degree of accuracy.

The effect of internal damping ratio (i.e., with £ = 0) can be
appreciated from Fig. 16a. As the damping ratio f increases from
0 to 0.15, there is an increase of only 3% on the critical load. On
the other hand, the critical load obtained for the present case with
small internal damping is 67.8 kg, which is 40% less than that of the

With iteration
No iteration

External damping ratio 5=0.0

1/cj2

Fig. 15 Bieigenvalue curves for cantilever under transverse follower
load.

80

75-

O
O

External damping ratio 0=0.0

0.03 0.06 0.09
Damping ratio

0.12

a) Internal

75-

"O

S*H

25-

With iteration
No iteration

2 4 6 8 1 0
External damping ratio P

b) External

Fig. 16 Effects of damping on critical loads.

undamped case.10 Assuming the damping ratio to be small, f —> 0,
the effect of external damping can be observed from Fig. 16b. Note
that the critical loads obtained with and without iteration differ only
by 3%.

Concluding Remarks
By the method of perturbation, the characteristic equation for a

lightly damped linear nonconservative system can be transformed
into a form identical to that for the undamped system. Using the
bieigenvalue curve proposed in Ref. 10, rather accurate critical load
can be computed for the system, even based on the free vibration
results, which does not rely on complex solvers. Whenever iterations
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are performed, generally three iterations are required to achieve
convergent solutions. Compared with other existing methods, the
present method's efficiency is considered superior. Other conclu-
sions to be made include the following. 1) The existence of inter-
nal damping can reduce as much as 40% of the critical load of an
undamped noneonservative system. 2) For the case of small inter-
nal damping, the critical loads can be marginally increased through
increase of internal damping ratio. 3) The critical load of a noneon-
servative system can be significantly increased through use of larger
external damping.
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